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Abstract. Phase-field models are becoming increasingly popular in hydrodynamics for modeling multi-phase fluid flow below Darcy scale. Instead of sharp interfaces, phase transitions appear as diffuse finite-thickness transition regions. The Cahn–Hilliard (CH)
equation describes phase separation (the alignment of a system into spatial domains predominated by one of the two components) of an immiscible binary mixture at constant temperature in the presence of a mass constraint and dissipation of free energy. It is a stiff,
fourth-order, nonlinear parabolic partial differential equation, which may serve as a prototype phase-field problem as intermediate step towards models that take other or additional phenomena into account, e. g., miscibility or multiple components. We apply a discontinuous
Galerkin (DG) discretization of the CH equation with constant and degenerate mobility that is specialized for voxel grids stemming from micro-CT imaging. The scheme is of arbitrary order in space and of first order in time.

Cahn–Hilliard equation

Mathematical model

•Main unknown is the order parameter c, defined as difference
of mass fractions, i. e. c � c1 − c2 � 2c1 − 1 ⇒ c ∈ [−1, 1].

•Helmholtz free energy F:

F(c) ≔

∫
Ω

Φ(c) +
κ

2
|∇c |2 dx

with chemical energy density Φ(c) ≔ 1
4(c

2 − 1)2 and
interface parameter 0 < κ ≪ 1.

•The chemical potential is the functional derivative of F with
respect to c:

µ ≔ δcF(c) � Φ
′(c) − κ∆c in (0, T) ×Ω . (CH1)

•A chemical potential gradient implies a mass flux

j ≔ −M(c) ∇µ in (0, T) ×Ω . (CH2)

•The phenomenological coefficient M(c) ≔ 1 − βc
2, β ∈ [0, 1] is

called mobility.

•The conservation law completes the model:

∂tc + ∇ · j � 0 in (0, T) ×Ω . (CH3)

•Boundary and initial conditions are given by

M(c) ∇µ · n � 0 on (0, T) × ∂Ω , (CH4)

∇c · n � 0 on (0, T) × ∂Ω , (CH5)

c � c
0 on {0} ×Ω . (CH6)

Solution properties

•Mass conservation: The total amount of c is preserved, i. e.

∀t ∈ (0, T) ,
1

|Ω|

∫
Ω

c(t , x) dx � c̄ .

•Energy dissipation: The Helmholtz free energy F is non-
increasing in time, i. e.,

∀t ∈ (0, T) , dtF(c)(t) ≤ 0 .

•Maximum principle: For the degenerate mobility case β � 1
(under additional smoothness assumptions), c ∈ [−1, 1], cf. [1].
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Numerical scheme

Discretization

•A DG scheme based on the mixed formulation of the
CH equation is used for space discretization, which in
particular conserves mass.

•An orthogonal hierarchical basis enables arbi-
trary approximation order and Schur-complement re-
duction of the resulting saddle-point problem.

•For element-wise constants, the scheme reduces to
cell-centered finite volumes.

•The time discretization dissipates discrete free

energy by utilizing a convex–concave decom-

position Φ � Φ+ +Φ− (Φ+ implicit, Φ− explicit).

• In each time step, the nonlinear system is linearized
by Newton’s method, using GPU-accelerated sparse
iterative solvers from Paralution [2].

•A discrete maximum principle is not satisfied.

Porous media representation

•Voxel sets stemming from micro-CT imaging rep-
resent the structure of porous media.

•The numerical scheme works on arbitrary subsets of
voxels describing the pore space.

micro-CT scan
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2563 voxel set containing ca. 3× 106 voxels that refer to
the pore space (i. e. elements).

Spinodal decomposition simulation
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Evolution of element-wise constant random data with expected value of c � 0.4 on a 1003 element grid. Using
a degenerate mobility (β � 1) suppresses the mass flux j in the bulk phases, cf. (CH2), and thus leads to
a slower segregation process and a different phase pattern compared to the constant mobility case (β � 0).

Contact angle

Wetting boundary condition

phase B
(c = −1)

phase A

(c = 1)

wall

θ

diffuse interface

interface width
(≈ 4

√
κ)

•The contact angle θ ∈ (0◦, 180◦) is the angle between the
the diffuse interface and a wall.

•Boundary condition (CH5) is replaced by

∇c · n �

C
√
κ
cos(θ) φ′(c) on (0, T) × ∂Ω (CH5b)

with a constant C > 0 and φ(c) ≔ −(c
3 − 3c − 2), cf. [3].

•Boundary condition (CH5b) reduces to (CH5) for θ � 90◦.

•This boundary condition has no influence on mass balance.

Sessile drop and capillary bridge simulation

wetting wall neutral wall non-wetting wall

θ � 45◦ θ � 90◦ θ � 135◦

θ1 � 60◦, θ2 � 80◦ θ1 � θ2 � 90◦ θ1 � 120◦, θ2 � 100◦
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